Abstract. Let w ¤ 1 be a non-trivial group word, let G be a finite simple group, and let w.G/ be the set of values of w in G. We show that if G is large, then the random walk on G with respect to w.G/ as a generating set has mixing time 2.
Introduction
Let w D w.x 1 ; : : : ; x d / be a non-trivial group word, namely a non-identity element of the free group F d on x 1 ; : : : ; x d : Then we may write w D x n 1 i 1 x n 2 i 2 : : : x n k i k where i j 2 f1; : : : ; d g and n j are integers. Let G be a group. For g 1 ; : : : ; g d 2 G we write w.g 1 ; : : : ; g d / D g n 1 i 1 g n 2 i 2 : : : g
In [LaSh1] and [LaSh2] a better result for alternating groups is proved. It is shown that if w 1 , w 2 are non-trivial group words, then there exists N D N.w 1 ; w 2 / such that for all integers n N we have w 1 .A n /w 2 .A n / D A n .
In this paper we focus on random walks on finite simple groups G with respect to w.G/ as a generating set. Our goal is to determine the mixing time of the random walk, namely the time required until we reach an almost uniform distribution on G. Our main theorem states that (when jGj is large) this mixing time is the smallest possible, namely 2.
To make this precise, denote by U G the uniform distribution on G, i.e., U G .g/ D 1 jGj for all g 2 G. For W Â G, denote by P W the uniform distribution on W; i.e., P W .g/ D 1 jW j if g 2 W and 0 otherwise. Denote by P W P W the convolution of the probability P W with itself. Then .P W P W /.g/ is the probability that xy D g where x; y 2 W are chosen randomly, uniformly and independently.
For two distributions P , Q on G we let
jP .g/ Q.g/j denote the L 1 -distance between P and Q.
Theorem 1.1. Fix a word w ¤ 1, and let G be a finite simple group. Then kP w.G/ P w.G/ U G k 1 ! 0 as jGj ! 1.
In fact the same method establishes a similar result for kP w 1 .G/ P w 2 .G/ U G k 1 ;
where w 1 , w 2 are two non-trivial group words. This result for alternating groups has recently been obtained in [LaSh2] . It remains to prove it for groups of Lie type, which is what we do here.
From Theorem 1.1 one can deduce that w.G/ 2 covers almost all of G for G a finite simple group and w a non-trivial group word. This has already been proved in Corollary 1.4 of [Sh1] .
In fact we prove a more general result of independent interest. Recall that a normal subset of a group G is a subset closed under conjugation (namely a union of conjugacy classes).
If G is a simple group of Lie type then the rank r of G is defined to be the rank of the ambient simple algebraic group, unless we deal with Lie types 
Combining this result with known estimates on the size of w.G/ we then deduce Theorem 1.1.
In fact we prove a more general result on k normal subsets W 1 ; : : : ; W k and give sufficient conditions for
See Theorems 3.3 and 3.5 bellow.
In our proofs we use character theory. To understand the relevance, let G be a finite group, g 2 G, and let C i D x G i .i D 1; : : : ; k/ be conjugacy classes. Let P C 1 ;:::;C k .g/ denote the probability that y 1 : : : y k D g where y i 2 C i are chosen randomly and uniformly. Notice that P C 1 ;:::;C k D P C 1 P C k . Let Irr G denote the set of complex irreducible characters of G. It follows from a classical result that
For a proof of this result see for instance Theorem 30.4 of [JaLi] . We also use the Witten zeta function G encoding the character degrees of a finite group G. For a real number s define
We use the fact established in [LiSh2] that for a finite simple group G, G .2/ ! 1 as jGj ! 1. Throughout, c i denote suitable positive absolute constants. A r we use Proposition 1.8 of [NiPy] :
Using these three results it is easy to deduce the following: All these theorems suggest that w.G/ is a large normal subset, and we would like to evaluate
From this we deduce the following lemma, which is probably well known. For completeness we insert a proof. Lemma 2.6. Let G be a finite group, and let C i D x G i be conjugacy classes. Then
Proof.
By the Cauchy-Schwarz inequality we have,
The last equality is by the orthogonality relations (see e.g. [Ser] 
where b is some absolute constant.
(iii) If 1 ¤ 2 Irr G n W and r > 5 then .1/ cq 2r 3 where c > 0 is some absolute constant.
We also use the following: Lemma 2.8. Let G D G r .q/ be a finite simple group of Lie type of rank r over the field with q elements, and let k.G/ denote the number of conjugacy classes of G.
(i) There is a positive constant c 1 such that .1/ c 1 q r for all 1 ¤ 2 Irr G.
Proof. Part (i) follows from [LanSe] and (ii) from [FuGu] .
Theorem 1.1 of [LiSh2] states:
Theorem 2.9. Let G be a finite simple group, and for a real number s let
We also use known estimates for the number of regular semisimple elements. Recall that an element x of a finite group G of Lie type is called regular if its centralizer in the corresponding algebraic group x G has minimal dimension, namely rank. x G/. We say that x is semisimple if its order is not divisible by p, where p is the defining characteristic of G. The next result is of Guralnick and Lübeck in [GuLu] : So we can see that there are many regular semisimple elements, and we use the next lemma when dealing with these elements in groups of bounded rank: Lemma 2.12. Let G D G r .q/ be a finite simple group of Lie type of rank r over the field with q elements, and let x 2 G be a regular semisimple element. Then there is a number c D c.r/, depending on r but not on q, such that j .x/j Ä c for all 2 Irr G.
Proof. This follows from the Deligne-Lusztig theory; see [Lus] , and formula 4.26.1 in particular.
Proofs
Lemma 3.1. Let G be a finite group, k 2 an integer, and let x 1 ; x 2 ; : : : ;
Proof. By the orthogonality relations (see e.g. [Ser] ) we have X
By the Cauchy-Schwarz inequality we have
The result now follows from the two inequalities above.
Theorem 3.2. Let G D G r .q/ be a finite simple group of Lie type of rank r over the field with q elements. Let k 2 be an integer. Let " > 0 and let x 1 ; x 2 ; : : : ;
where c 1 , c 2 and b are absolute constants.
(ii) There exists a real number r 1 D r 1 .k; "/ such that if r r 1 then X
Proof. We first prove (i). Let W be the set of Weil characters of G (see 2.7). Set X
j .x 1 / : : : .x k /j .1/ k 1 :
We will handle each summand separately.
The first summand: From our assumptions jC G .x i /j Ä q .4k 4/r and so (ii) of Lemma 2.7 yields j .x i /j Ä q p .4k 4/rCb for i D 1; : : : ; k and 2 W . We also have .1/ c 1 q r for all non-trivial 2 Irr G (i) of Lemma 2.8. Therefore X
From (i) of Lemma 2.7 we have jW j Ä q C 1 and so
The second summand: If 1 ¤ … W and r > 5, (iii) of Lemma 2.7 yields .1/ c 2 q 2r 3 . Hence X …W ¤1
j .x 1 / : : : .
Using Lemma 3.1 we obtain X …W ¤1
Using our assumption on jC G .x 1 /j : : : jC G .x k /j we obtain X …W ¤1
j .x 1 / : : : .x k /j
The sum:
We conclude that for r > 5 and for G a classical group, X 2Irr G ¤1
proving (i).
Since the simple groups of Lie type which are not classical are of rank at most 8, we can use (i) by assuming also r > 8.
Hence, if r > 8 and also large enough so that
proving (ii). 
where c 1 , c 2 , c 3 , b are absolute constants.
(ii) If r r 1 then
Proof. Partition W i into two subsets W i;1 and W i;2 as follows:
Then W i;1 and W i;2 are normal subsets, and
Hence,
It follows that
.j 1 ;:::;j k /2f1;2g k Â jW 1;j 1 j jW 1 j : : :
we have
.j 1 ;:::;j k /2f1;2g k jW 1;j 1 j jW 1 j : : :
We will handle the first summand jW 1;1 j jW 1 j : : :
The first summand:
W i;1 is a normal subset, and hence is a union of conjugacy classes. Denote the conjugacy classes of W i;1 by C i;1 ; : : :
::: 1Äj k Äm k jC 1;j 1 j : : : jC k;j k j jW 1;1 j : : : jW k;1 j P C 1;j 1 P C k;j k : Therefore,
::: 1Äj k Äm k jC 1;j 1 j : : : jC k;j k j jW 1;1 j : : : jW k;1 j kP
According to Lemma 2.6,
where
. Any x 1;j 1 ; : : : ; x k;j k satisfy jC G .x 1;j 1 /j : : :
Hence, according to Theorem 3.2, if r r 1 then X 2Irr G ¤1
j .x 1;j 1 /j : : :
as jGj ! 1.
In particular there exists N D N.k; "/ such that if jGj N then for any ¤ 1 we have j .x 1;j 1 /j : : : j .
Hence, if r r 1 and jGj N then, X 2Irr G ¤1
j .x 1;j 1 /j 2 : : :
The last inequality is from Theorem 3.2. Therefore,
Hence, when r r 1 and jGj N then
::: 1Äj k Äm k jC 1;j 1 j : : : jC k;j k j jW 1;1 j : : : jW k;1 j kP C 1;j 1
The other 2 k 1 summands: Each summand is of the form jW 1;j 1 j jW 1 j : : :
where j 1 ; : : : ; j k 2 f1; 2g and at least one of j 1 ; : : : ; j k equals 2.
Since kP Qk 1 Ä 2 for distributions P and Q, we have jW 1;j 1 j jW 1 j : : :
Denote by k.G/ the number of conjugacy classes in G. Then S is a normal subset, which splits into at most k.G/ conjugacy classes, and each conjugacy class is of size at most jGjq
According to (ii) of Lemma 2.8:
where c 3 is an absolute constant. So
Since W i;2 Â S we obtain
We are assuming
Since at least one of j 1 ; : : : ; j k equals 2, jW 1;j 1 j jW 1 j : : :
and so jW 1;j 1 j jW 1 j : : :
The sum: When r r 1 and jGj N we obtain
proving (i). Part (ii) is an immediate consequence.
We now draw conclusions for sets w.G/ of word values. 
(ii) If r r 0 .w/ then kP w.G/ P w.G/ U G k 1 ! 0 as jGj ! 1.
Proof. We will deal separately with the different types of groups G to show that for r large enough and jGj large enough we have There exists an absolute constant r 2 (that depends only on the absolute constant c) such that for r r 2 , we have c r 
G is not of type

Conclusion:
If G D G r .q/ is a finite simple group of Lie type, and w is a group word, there are integers M.w/ and r 2 ; r 3 .w/; r 4 .w/ such that if jGj M.w/ and r maxfr 2 ; r 3 .w/; r 4 .w/g, then /; r 2 ; r 3 .w/; r 4 .w/g and jGj maxfN.
3
/; M.w/g then,
where c 1 , c 2 , c 3 , b are absolute constants. Part (ii) is an immediate consequence.
Theorem 3.5. Let G be a finite simple group of Lie type of rank r over the field with q elements. Let 0 < " < 1. Let W 1 , W 2 be normal subsets such that
Then:
(ii) If r is bounded, then kP
Proof. Partition W i into two subsets W i;1 and W i;2 : W i;1 will be the set of all regular semisimple elements in W i , and W i;2 will be the rest of the elements in W i . Then W i;j are normal subsets, and
Using inequality (1) in the proof of Theorem 3.3 for k D 2 we obtain:
We will handle the first summand differently from the other three summands.
W 1;1 and W 2;1 are normal subsets, and hence are unions of conjugacy classes. Denote these conjugacy classes of W i;1 by C i;1 ; : : : ; C i;m i . So W i;1 D S m i j D1 C i;j . Therefore, as in the proof of Theorem 3.3,
By Lemma 2.12 there is a number c.r/, depending on r but not on q, such that j .x/j Ä c.r/ for all 2 Irr G and all regular semisimple elements x 2 G. Using Lemma 2.6 we obtain
where C i;j D x G i;j in the second expression. Thus
The other three summands: According to Corollary 2.11, if we denote by r.G/ the proportion of regular semisimple elements in G, then
We assume
Since kP Qk Ä 2 for distributions P and Q, we have jW 1;1 j jW 1 j jW 2;2 j jW 2 j kP W 1;1 P W 2;2 U G k 1 C jW 1;2 j jW 1 j jW 2;1 j jW 2 j kP W 1;2 P W 2;1 U G k 1 C jW 1;2 j jW 1 j jW 2;2 j jW 2 j kP W 1;2 P W 2;2 U G k 1 Ä 2 jW 2;2 j jW 2 j C 2 jW 1;2 j jW 1 j C 2 jW 1;2 j jW 1 j Ä 6 5 q " :
proving (i). In (ii) we assume that r is bounded, and so d.r/ is bounded. We also know from Theorem 2.9 that G .2/ ! 1 as jGj ! 1. If r is bounded and jGj ! 1 then q ! 1, proving (ii).
Notice that with these tools we cannot prove a better result for k normal subsets instead of 2.
For sets of the form W D w.G/ we now obtain: (ii) kP w.G/ P w.G/ U G k 1 ! 0 as jGj ! 1.
Proof. We are assuming that r is bounded by r 0 .w/; so according to Theorem 2.1 there exists a constant c.w/ > 0 that depends only on w such that jw.G/j jGj c.w/. Since we are assuming r is bounded, we have q ! 1 as jGj ! 1. where d.w/ depends only on w, proving (i). Part (ii) also follows since G .2/ ! 1 as jGj ! 1, and since q ! 1 as jGj ! 1.
Theorem 3.7. Let w ¤ 1 be a non-trivial group word and let G be a finite simple group. Then kP w.G/ P w.G/ U G k 1 ! 0 as jGj ! 1.
Proof. According to 1.17 of [LaSh2] , kP w.G/ P w.G/ U G k 1 ! 0 as jGj ! 1 if G is an alternating group.
For groups of Lie type use Theorems 3.4 and 3.6 to obtain the result.
Since jGj ! 1 we can omit the sporadic groups. According to the classification of finite simple groups this covers all of the finite simple group.
Corollary 3.8. Let k be a positive integer and let w D x k . Let G be a finite simple group. Then kP w.G/ P w.G/ U G k 1 ! 0 as jGj ! 1.
